An experimental study was conducted on two small rockets (110N thrust class) to directly compare a standard conical nozzle with a bell nozzle optimized for maximum thrust using the Rao method. In large rockets, with throat Reynolds numbers of greater than 1x 105, bell nozzles outperform conical nozzles. In rockets with throat Reynolds numbers below 1× 105, however, test results have been ambiguous. An experimental program was conducted to test two small nozzles at two different fuel film cooling percentages and three different chamber pressures. Test results showed that for the throat Reynolds number range from 2x 104 to 4x 104, the bell nozzle outperformed the conical nozzle. Thrust coefficients for the bell nozzle were approximately 4 to 12 percent higher than those obtained with the conical nozzle. As expected, testing showed that lowering the fuel film cooling increased performance for both nozzle types.
Introduction
Future space exploration will require increasing payload fraction and decreasing system masses. Therefore, maximizing rocket engine performance is an important design goal. Maximizing the thrust for a rocket engine can be achieved by optimizing the nozzle contour. Optimizing the performance of finite length nozzles is typically accomplished using an inviscid core flow and a boundary layer displacement. G.V.R. Rao developed a method which optimizes a rocket nozzle contour for a given length or expansion ratio such that maximum thrust is achieved. 1 Rao's method was based on the assumption of inviscid isentropic flow.
This method has been used in many studies of different classes of rocket engines with a variety of results. Rocket engines are generally classified by their throat Reynolds number based on uniform flow and properties at the throat. For engines with Reynolds numbers larger than lxl05, the Rao optimization is quite effective, because the ratio of boundary layer flow to the total flow is small. In a study by Farley, 2 three large Rao optimized bell nozzles were compared to a 15 degree conical nozzle. The thrust produced by the optimized nozzles was greater than that obtained with the conical nozzle. In fact, bell contour nozzles have been used routinely for many years in large liquid rocket engines. 3,4,5 Conical nozzles are typically used only when fabrication and design costs outweighed performance.
In very small thrusters with Reynolds numbers less than I xl 04, viscous boundary layer effects are large in comparison to the total flow and a bell contour is not nearly as effective, as discussed in apair of experimental studies. 6,7 Inthese studies, a variety of small nozzles were tested to determine the effect of contour, propellant, expansion ratio, and Reynolds number on performance. Normally, factors in performance loss are divergence, boundary layer effects, and heat transfer effects to the walls. By using ambient temperature gas, the heat transfer effect was eliminated in both studies. The nozzles were conical, trumpet, and Rao optimized bell contours. One paper concluded that the difference in contours had no effect on either divergence or viscous losses. 6 The other concluded the bell contour had the lowest performance of the nozzles tested. 7 The reasons given in both were that the viscous effects of boundary layer were so large that an inviscid isentropic assumptions were not valid. 
Test Hardware
Both nozzles tested were fabricated via the same techniques using oxygen free high conductivity (OFHC) copper with water cooling passages in the walls. The inner housings were milled first to cut water cooling passages into the outer surface. The 
Test Facility
All tests were conducted in a small rocket test facility, 13 in which an equivalent vacuum of 36.6 km altitude is achieved using air ejectors. Gaseous hydrogen and gaseous oxygen were used for propellants. A schematic is shown in figure 3 . The tank is 1.8 m long between the flanges and 0.9 m in diameter. Inside the tank, the rockets are oriented horizontally to fire through a diffuser into an exhaust quenching chamber. The rocket exhaust is pulled through the pair of ejectors and vented to atmosphere by mufflers. The ejectors are supplied with 900 kPa air at 4.5 kg/sec to provide the pumping for the altitude tank.
Thrust is measured by mounting the rocket on a thrust stand.
The stand and rocket are supported with flexure plates. Both float free on the flexures and apply a load to a strain gage load cell through a ball joint. To ensure accurate thrust calibration, the ball joint must make contact with the load cell at all times.
The thruster is positioned to apply a small load on the load cell even when thethruster is notfiring, to ensure contact with the load cell is maintained. The small load is accounted for in thrust calibration and is subtracted from the rocket thrust. The propellant and pressure transducers lines are mounted perpendicular to the rocket axis with stainless steel tubing to provide repeatable thrust measurements. The thrust stand is calibrated by applying loads through a piston assembly to compare the thrust measurement load cell against another previously calibrated reference load cell. Pretest, posttest, and applied load tests are taken at altitude conditions with pressurized propellant lines. All thrust measurements are corrected for background pressure to determine vacuum thrust.
Rao Optimization Code
Rao discussed the need for nozzle contour optimization. 14 In order to maximize thrust, a thruster is designed to produce uniform parallel exit flow, with the exit plane pressure equal to the ambient pressure. In a conical nozzle, flow divergence losses are significant, particularly as cone angles increase. Rao suggested that contouring the nozzle wall would turn the flow closer to the thruster axis and thus reduce flow divergence. He developed an optimization method for designing nozzles which assumes inviscid isentropic flow. 15The method uses the calculus of variations for an ideal gas with constant gamma expansion to calculate the optimum nozzle contour. Supersonic flow properties across the nozzle throat are input to start the solution.
Transonic flow in the throat region is calculated as a function of the upstream radius of curvature at the throat and the specific heat ratio for axisymmetric flow. The method iterates to an optimum nozzle contour defined to meet for one of three initial conditions: a given length, a given expansion ratio, or a fixed envelope (exit radius and length). The Rao code was used in this study to obtained an optimized bell nozzle contour with the dimensions shown in table I using the fixed envelope condition.
Test Procedures
The same tests were conducted on each nozzle using gaseous hydrogen and oxygen propellants. testing with the bell nozzle for the 500 and 370 kPa chamber pressure cases at 61 percent FFC had a very small pretest load (less than 0.5 N) on the thrust stand prior to ignition. Since the thrust stand could float free of the load cell at this load, a larger load was applied prior to ignition to ensure pretest contact between the thruster and the load cell. The low pretest load affected the repeatability of the thrust stand zero. In an effort to ensure that the thrust measurement was not affected by the small pretest load, the pretest load was increased and a few selected points in that test series were repeated. A field check at that time showed performance results consistent with the original tests at the smaller pretest load. However, in subsequent data reductions, the tests with the small pretest load had significantly larger uncertainties.
The range of uncertainties for both cases are shown in table HI, the cases with the smaller pretest load being indicated by parenthesis.
The remainder of the test data uncertainties were also presented in the same table.
In general, the greatest uncertainties were at the lower chamber pressures.
Results

and Discussion
Injector/Chamber Performance 
Nozzle Performance
Vacuum specific impulse versus mixture ratio and thrust coefficient versus mixture ratio are typically used to illustrate nozzle performance. The vacuum specific impulse versus mixture ratio for the 61 and 75 percent FFC cases are plotted in figures 8 and 9, respectively, for each of the three chamber pressures tested. The data were fit to a second order polynomial curve and the measurement uncertainties added. At 61 percent FFC ( fig. 8) , the plots of nozzle data show that the bell nozzle specific impulse are at least 5 percent higher at 500 kPa, 6 percent higher at 370 kPa, and 12 percent higher at 255 kPa than that of the conical for the 61 percent FFC cases. In 75 percent FFC cases ( fig. 9 ) the bell nozzle specific impulse is at least 5 percent higher at 500 kPa, 10 percent higher at 370 kPa, and 14 percent higher at 255 kPa. These results are statistically significant and show clearly that the bell nozzle out performed the conical nozzle. The higher performance obtained with lower FFC percentage was expected as discussed above.
Thrust coefficients are plotted for the 61 and 75 percent FFC cases in figures 10 and 11, respectively, again for each chamber pressure case. As seen in the specific impulse plots, the bell nozzle had the higher performance for both FFC percentages.
The thrust coefficients at 61 percent FFC are generally 6 percent higher at 500 kPa, 7 percent higher at 370 kPa, and 11 percent higher at 255 kPa for the bell nozzle than for the conical. The thrust coefficients at 75 percent FFC are generally 4 percent higher at 500 kPa, 8 percent higher at 370 kPa, and 11 percent higher at 255 kPa for the bell nozzle than for the conical. Again clearly, the bell nozzle outperforms the conical nozzle for this Reynolds number range of between 20,000 to 40,000.
Conclusions
Testing was conducted to directly compare the performance of a bell nozzle designed by the Rao optimization method and a conical nozzle of the same size in the 2x104 to 4x104 throat Reynolds number range. Previous studies had indicated that an optimized bell nozzle may not outperform a conical nozzle at these Reynolds numbers. To eliminate the effects of injector performance, the same injector and chamber profile were used.
Tests were conducted over a mixture ratio range of 4 to 8 for three different chamber pressures and two fuel film cooling levels. Characteristic velocity measurements indicated that the injector and chamber gave the same performance with both nozzles. Plots of vacuum specific impulse and thrust coeffi- 
